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Abstract 



We have examined solutions of tetrahedron equations from the elliptic free fermion model 
by using Korepanov mechanism based on tetrahedral Zamolodchikov algebras. As a byprod- 
uct, we have found a new integrable 2-dim. lattice model. We have also studied the relation 
between tetrahedral Zamolodchikov algebras and tetrahedron equations. 
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§1. Introduction 

In last two decades, much understanding has been made in 2-dim. integrable statistical 
models with beautiful mathematical structures JD, and recently much attention has turned 
to 3-dim integrable statistical models. 

Tetrahedron equations are 3-dim. generalizations of Yang-Baxter equations in 2-dim., 
and Zamolodchikov first found solutions of tetrahedron equations [[| , and Baxter confirmed 
Zamolodchikov's result ||. After these pioneering works, little progress Q || has been 
made until recently because of difficulties of the problem. After Bazhanov-Baxter |5j have 
obtained solutions of tetrahedron equations for N colors model, by generalizing Zamolod- 
chikov's solutions of 2 colors model, many interesting papers have published on solutions of 
tetrahedron equations 0, §, |, 0,^0. 

In this paper, we take Korepanov's approach and examine solutions of tetrahedron equa- 
tions from the elliptic free fermion model. In section 2, we review Korepanov's approach and 
examine the relation between tetrahedral Zamolodchikov algebras and tetrahedron equa- 
tions. In section 3, we give explicit solutions of tetrahedron equations from the elliptic free 
fermion model. 



§2. Relation between Tetrahedral Zamolodchikov Algebras and Tetrahedron 
Equations - Korepanov Mechanism - 

We follow the notation of Korepanov, and denote the standard /^-matrices as R° and the 
related non-symmetric i?-matrices as R l [10, 11, 12]. For the 8- vertex case, R° and R 1 are 
written in the forms 

I dij dij \ 



V d^ dij ) 



R?Jui,Uj) = fo(ui,Uj 
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aij = sn(A — Ui + Uj) 
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= sn(A — Ui — Uj) , = sn(wj + Uj) , 

= sn(A) , = ksn(X)sn(ui + Uj)sn(X — m — Uj) , (4) 

where sn(w) is one of the Jacobi's elliptic functions, k is the modulus of the elliptic function, 
and A is an arbitrary constant parameter. The functions fo(ui, Uj) and fi(v,i, Uj) are arbitrary 
here, and we choose the special functional forms in section 3. We may use short-hand 
notations R^ instead of full notations R^(ui,Uj). 

Using the above parametrization, i?-matrices satisfy the following Yang-Baxter equations 

R° 12 (u u u 2 )R° 13 (u 1 , u 3 )R% 3 (u 2 , Us) 

= R 23 (u 2 ,u 3 )R 13 (u u u 3 ,)R ( l 2 (u u U2) , (5) 

where Rfj act as End{V® 3 ). Operatores Rf 2 , for example, acts on V\ ® V 2 as non-trivial 
.R-matrices and on V3 as identity 

First, we have found that R^ and Rjj satisfy the following equations 

R° 12 (u u u 2 )R\ 3 {ux, u 3 )R\ 3 {u 2 , us) 

= R\si. u 2, Us)R\s{ui,Us)Rl 2 {u 1 ,u 2 ) , (6) 

which reflect the symmetry of R^ and Rjj. Eq.(U) gives us a new example of integrable 2- 
dim. lattice models with Boltzmann weights R\y In order that transfer matrices which are 
composed of Rjj commute, it is sufficient to exist the invertible R^ which satisfy Ri 2 R\ 3 R\ 3 = 
R\ 3 R\ 3 Ri 2 . Thus Eq.(f|) gives us a new class of integrable 2-dim. lattice models, though 
its Boltzmann weights do not satisfy the physical positivity condition. Though this new 
integrable model is unphysical, it will be helpful to study new mathematics behind this type 
of integrable models. 

Next we consider Korepanov mechanism to construct solutions of tetrahedron equations 
(Zamolodchikov equations). Korepanov consider the following tetrahedral Zamolodchikov 
algebras, which represent scattering relations 

Rn( u ii u 2 )R\s{u x , u 3 )R c 23 {u 2} us) 
1 

= ]T S( Ul ,u 2 ,us)tf Ris(u 2 ,us)Rts(ui,Us)Rf 2 (u 1 ,u 2 ) , (7) 

d,ej=0 

where S^j are the S-matrices of particles Rfj. Here Korepanov have taken the very special 
forms, that is, 2 dim. integrable .R-matrices R^ and their related Rjj matrices, for particles. 

Tetrahedral Zamolodchikov algebras ([7|) are overdeterministic in a sense that, there are 
64 equations with only 8 variables S^i for fixed {a, b, c} in general, because Rf 2 R\ 3 R 23 
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and R 23 Rl 3 Rf 2 are 8x8 matrices, while S^j are simple numberes for given {a, b, c, d, e, /}. 
Because of the special symmetry of these R®j and R]j, only 20 equations are not automatically 
satisfied, while the number of the variables S°£f to be solved is 8 for the fixed {a,b,c}. 
Tetrahedral Zamolodchikov algebras and variables S^j can be decomposed into even and 
odd sectors. Even and odd variables are those of i) a + b + c = d + e + f (mod 2) and 
ii) a+b+c=d+e+f+l (mod 2) cases in S^j respectively. Odd sector can be easily 
solved to give the trivial solution = (a + b + c = d + e + / + 1 (mod 2)). Thus 
non-trivial equations to be solved are only in even sector, and the number of equations to be 
solved becomes only 10, while the number of variables S^} becomes only 4 for fixed {a, 6, c} 
but still overdeterministic. We will discuss on this overdeterministic problem in section 3 in 
the process of solving tetrahedral Zamolodchikov algebras. 

If there exist solutions S°£j for given and Rjj in tetrahedral Zamolodchikov algebras, 
it is quite promising that these Sfjj satisfy the following tetrahedron equations 

]T S( Ul ,u 2 , u 3 )% c , S(u u U2, u 4 )i%, e , 

a',b'.c', 
d',e',f 

xS(u 1: u 3 , u 4 ) b b ,fj, f , S(u 2 ,u 3 , u 4 ) c jj, f „ 
= J2 S(u 2 ,u 3 ,u 4 )% f , S(Ui, %,m 4 )S/" 

a',b'.c>, 
d',e',f 

xS{u U U 2 ,U 4 )^ e „ 5(Mi,M 2 ,M 3 )a'W' ■ (8) 

This mechanism to find solutions of tetrahedron equations by using solutions of tetrahedral 
Zamolodchikov algebras, we call Korepanov mechanism. 

We denote the above equations in the following short-hand way; 

Sl 23 (u!,U 2 ,U 3 ) S 145 (u!,U 2 ,U 4 ) #246 («1 , U 3 , U 4 ) S 356 (u 2 , U 3 , U 4 ) 

= S 356 (u 2 ,u 3 ,u 4 ) S 246 (ui,u 3 ,u 4 ) S 145 (ui,u 2 ,u 4 ) S 123 (u!,u 2 ,u 3 ) , (9) 

where S^f act as End(V m ). Operators 5*123, for example, acts on V\ ® V 2 ® V 3 as S^f and 
on the rest as identity. 

Here we sketch the reason why solutions of tetrahedral Zamolodchikov algebras are 

promising candidates to solutions of tetrahedron equations. We start from the following 
objects 

Dfl2 DQ3 D»4 p>a 5 E>a 6 

^12- a 13 rt 23- rt 14- n 24- a 34 > \ LU ) 
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and we successively use tetrahedral Zamolodchikov algebras (|7|) for R1 2 R1 3 R 23) -^12-^14-^245 
R%R c ^R a 3 %, R b 2 3 3 R c 2 \Ril, starting from the above object (0). We then obtain 



pctl E>a 2 pa 3 r>a 4 pa 5 pa 6 
-^12-^13 n '23 rt 14 rt 24 rL 34 



&l,&2> i, 3' i, 4, i, 5> f >6' 
c l, c 2> c 3> c 4> c 5' c 6 



x^ 2 , u 3 , U4)S5 R^R^Rl\Ri%R^Rf 2 . (11) 



Here we have used the fact that = for i 7^ A;, I and j k,l, for example [i2f 2 > -^34] = 

0, from the property of the tensor product. 

Next, starting from the same objects (|10D , we successively use tetrahedral Zamolod- 
chikov algebras for R%R%R£, R$R%B&, RQR$R%, R c 12 Rf 2 3 R c 2 3 3 , which is different from 
the previous ordering in the use of tetrahedral Zamolodchikov algebras. In this ordering, we 
obtain 

pen pa2 pa3 p«4 pas pag 
^12 1 T 13 1 ''23 - rL 14 - rt 24 zx 34 



^016465 
1C4C5 

61,62, 63, 64, 65, i>g, 
c l, c 2, c 3> c 4, c 5, c 6 



xS£55(«i, «s) R£R%R c x iR%R%R1\ . (12) 



From Eqs. (|llD and (|12[), we obtain 



61 ,62, 63,64, 65, !>6, 
c l, c 2> c 3> c 4, c 5' c 6 



61,62, 63, 64,65,66, 

c l, c 2> c 3' c 4, c 5' c 6 



x5(« a , u 2) «s)5S5 R%R%R C 1 \R 23 R%R'& . (13) 



These relations strongly suggest that the following Zamolodchikov's tetrahedron equations 
are satisfied 



E S(m, u 2 , « 3 )S 3 S( Ul , u 2 , U4)5£g? 



61,62,63, 
64,65,66 



/C3C5C6 
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= £ 5(« 2 ,«3,«4)s:5(n 11 « 3 ,«4):s 

&1>&2>&3> 

x%, «a, U4)£55 ^ M 2, «s)Sa > ( 14 ) 

which are equaivalent to short-hand forms (^). 

In this way, if tetrahedron equations (|14]) are satisfied, integrability conditions (p~3|) of 
tetrahedral Zamolodchikov algebras are automaitcally satisfied, but the opposite is not al- 
ways true. According to Korepanov mechanism, we must first solve tetrahedral Zamolod- 
chikov algebras to find S°£j, which are promising candidates to satisfy tetrahedron equations. 
Next we must check explicitly whehter these S^j really satisfy tetrahedron equations or not. 



§3. Solutions of Tetrahedron Equations from Elliptic Free Fermion Model 

Here we start to solve tetrahedral Zamolodchikov algebras. We consider first the sec- 
tor {a = 0, b = 0, c = 0} in tetrahedral Zamolodchikov algebras (0). From Yang-Baxter 
equations (§), we can see that S(ui,U2,u 3 )^j = 5d,o^ e ,o^/,o are one of the solutions. In 
the eight vertex case, solutions become unique, and the above are only unique solutions. 
The same situation happens for the sector {a = 0,5 = l,c = 1}, and solutions are 
uniquely determined to give S{u\ 1 U2,u^f^ = 6d,ofie,i$f,i- For {a = 1, b = 0, c = 1} and 
{a = 1, b = 1, c = 0} sectors, some delicate thing happens. From four equations we obtain so- 
lutions S{u 1 ,u 2 ,u 3 ) d f f = S d; i8 efi 8 f>1 and S(u 1 ,u 2 ,u 3 ) 1 ^° f = 5 d:1 5 eA 5 ffi for {a = 1, b = 0, c = 1} 
and {a = 1, b = 1, c = 0} sectors respectively. But because of the overdeterministic property 
of tetrahedral Zamolodchikov algebras, there are still six equations to be satisfied, and we 
can see that these six equations are not satisfied in this 8 vertex parametrization, that is, 
we can conclude that there are no solutions for tetrahedral Zamolodchikov algebras in the 
8 vertex parametrization. Then we must consider more restricted cases to find solutions of 
tetrahedral Zamolodchikov algebras. One of the cases which give solutions of tetrahedral 
Zamolodchikov algebras is the symmetric free fermion case. The symmetric free fermion 

case is the special case of the 8 vertex case, that is, it is the case that A in Eqs.(|3]) and 

/■l dx 

(f§) becomes the complete elliptic integral A = K = / . In this special 

^/(l-x 2 )(l-k 2 x 2 ) 

case, we can easily check that the free fermion condition a 2 + b 2 = c 2 + d 2 is satisfied P"3| , . 

Choosing f Q (ui,Ui) = — ^— — ^4, and fi(ui, ua) = — -, R% and R}a become in the 

v 31 sni>j - uj) ' v ]> cn(w i + M j ) 13 13 
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forms 



/ cn(ui — Uj) 



\ 







kcia(ui — Uj 







sn(-Uj — Uj) 

da(ui — Uj) 

dn(ui — Uj) 



sn(Uj — Uq 







U : 



sn(Uj — Ui 



dn(i*,- 



It,- 



kcn(ui 



U-i 



cn{Ui — Uj) 
sn(ui - Uj) J 



RUui,Uj) 



1 



dn(uj + Uj) 








ksia(ui + Uj) 
\ dn(uj + Uj) 



sn(-Uj + Uj) 

cn(-Uj + Uj) 
1 

cn(-Uj + Uj) 





1 



cn [m 



u ; 



sn(«j + Uj) 



cnlM, 



&sn(wj + Uj) \ 
dn(ui + Uj) 




1 

dn(ttj + Uj) J 



(16) 



where cn(ti),dn(w) are also Jacobi's elliptic functions. Solutions of tetrahedral Zamolod- 
chikov algebras are unique in this case, and we obtain the following solutions (In [ |T2|| . 
Korepanov announced that solutions of tetrahedral Zamolodchikov algebras in the elliptic 
free fermion case really satisfy tetrahedron equations, but did not give explicit expressions 
oiS£}); 



S Sol i Ul ,u 2 ,u 3 ) 



000 



S s ° h (u u u 2 ,u 3 )°% 
S Sol -( Wl , M2 , M3 C 



S s ° h (u h u 2 ,u 3 )™ 
S™i Ul ,u 2 ,u 3 )r 



S Sol i Ul ,u 2 ,u 3 ) 



ii 

100 
001 



S^^U^Us^W = S S ° h (u 1 ,U 2 ,U 3 )Z = S^U!, li 2 , tto)^ 

g(u 2 - u 3 )g{u 2 + u 3 ) 
g{ui - u 3 )g{ui + u 3 ) 

(1 - k 2 )g(u 2 - u 3 )g(u 2 + u 3 ) , 
1 



g{m - u 3 )g(ui + u 3 ) 

S SoL (u 1 ,u 2 ,u 3 )Z = l, 
(1-k 2 ) , 

-(1 - k 2 )g(ui - u 2 )g(u 1 + it 2 ) 



(17) 
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S Sol (u u u 2 ,u 3 ) 



100 
010 



S* ol i Ul ,u 2 ,u 3 )Z 
S Sol ( Wl ,« 2 , M3 C 



g(ui - u 2 )g(u l + u 2 ) 
g(m - u 3 )g(u 1 + u 3 ) 
1 

g(ui - u 3 )g(u 1 + u 3 ) 

g{ui -u 2 )g{ui + u 2 ) , 

-(1 - k 2 )g(u x - u 2 )g(ui + u 2 )g(u 2 - u 3 )g{u 2 + u 3 ) , 
-g(u 2 - u 3 )g{u 2 + u 3 ) , 



1 11 1 ! 1 • / \ snlwl 

and all other components are zeros, where we use the notation g[u) = — . 

cn(w)dn(-u) 

We have explicitly checked that these solutions of tetrahedral Zamolodchikov algebras 
really satisfy tetrahedron equations. 

Notice that there is the symmetry S Soh (ui,u 2 ,u 3 )^ b e c j = S SoL (u 3 ,u 2 ,ui)f^ d , which comes 
by taking the transpose of tetrahedral Zamolodchikov algebras. 

Under the change of variables from Ui to new variables (fi in the form tanh(y?j) = (1 — 
k 2 )g(ui) 2 , we can prove the relations tanh(<^ = (l—k 2 )g(ui+Uj)g(ui—Uj). 3 Then we can 
rewrite S as the function only of the differences of ifi. If we change the transformation of 
the Boltzmann weights S SoL (^i, ¥>2, VzYdef = (1 - k 2 ) ( a + b + c ~ d ~ e -f)/ 2 S SoL (■u 1 , u 2 , u 3 )f e c f , which 
keeps tetrahedron eqs. invariant, we obtain the same expression as those of Korepanov [DTI 
|12|| in the following form; 





<P2, 


<#») 




<P2, 


<#») 
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V3) 
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<Pa) 




¥2, 


Va) 




V3) 




<#») 




<P2, 






¥2, 


Pa) 



000 

000 

\001 
^OlO 

\001 

aoo 

\001 

an 

\010 

hoi 

\010 

'111 

vl00 
J 001 

vlOO 
>0W 



tanh(y? 2 - yg 3 ) 
tanh(^! - y? 3 ) 
tanh(v? 2 - (fa) , 



tanh(^! - ip 3 ) 

cSol./ ,„ ,„ \010 
<5> t¥>l,¥>2,¥>3 J 100 



-tanh((^i - (f 2 ) 
tanh(^i - y? 2 ) 
tanh(^! - y? 3 ) 
1 

tanh(v?i - (p 3 ) 



S SoL (^ 2 ,^ 3 )^ = l 



1 , 



;is) 



3 We thank Y.G. Stroganov and J. Hietarinta for this observation. 
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S Sot ((p 1 ,ip 2 ,(p3,)ll\ = tanh(v?i - y? 2 ) , 
S' Sol -(v3i,v?2,¥'3)olo = _ tanh(^! - <p 2 ) tanh(<£> 2 - ^3) , 
S Soh (<Pi,<P2,V3) III = ~ tanh(<£ 2 - <p 3 ) , 

Though it is quite non-trivial, we thus obtained the same solutions of tetrahedron eqs. 
by using Korepanov mechanism even though we start from the elliptic case instead of the 
trigonometric one in the free fermion model. Though we cannot find new solutions of tetra- 
hedron eqs. from the elliptic free fermion model by using Korepanov mechanism, it will be 
helpful to understand Korepanov's method and to find new solutions by using Korepanov 
mechanism. 

Here we give examples which satisfy tetrahedral Zamolodchikov algebras but not satisfy 
tetrahedron equations by considering trigonometric k = case. In this case, tetrahedral 
Zamolodchikov algebras are not uniquely solved ]TT|, O, and general solutions can be ob- 



tained by including arbitrary parameters. We denote 

S( Ul , u 2 , u 3 )tj = S Korep >i, u 2 , u 3 )£ f + S Ho ™(u u u 2 , u 3 )t f , 
where 5' Korepa = S' SoL |fc=o, then S* 110 ™ satisfy homogeneous equations 



1 



£ 5 Homo K,n 2 , W3 )S RUu^u^RUuuu^RUuuu,) = , (19) 



d,ej=0 



and we obtain solutions S Romo (ui, u 2 , ws)^/; which include arbitrary parameters and 
h°fc, of the following forms 



S Romo ( Ul 


u 2 


U3 


\abc 

<ooo 


Leven 
— !b abc > 




S Romo ( Ul 


u 2 


u 3 


\abc 
'001 


= -/i° d c d tan( Ml 


— u 2 ) tan(tti + u 3 


S Homo (m 


u 2 


U3 


\abc 
'010 


= -/^ c d tan( Ml 


- u 2 ) tan(« 2 - u 3 


s Romo ( Ul 


u 2 


U 3 


\abc 

'on 


= h%?cot(u 2 - 


u 3 ) cot(-Ui + u 3 ) 


S Homo ( Ul 


u 2 


U3 


\abc 
'lOO 


= / i l d tan(n 2 - 


u 3 ) tan(ii! + u 3 ) 


S Homo (wi 


u 2 


U3 


\abc 
'lOl 


= -hZ?cot( Ul 


- u 2 ) cot(-u 2 - u 3 


S Romo ( Ul 


u 2 


U3 


\abc 

'no 


= -hZT cotK 


- U 2 ) COt("Ui + u 3 


S Ro ™( Ul ,u 2 


U 3 


\abc 
'ill 


uodd 
— ,L abc ■ 





(20) 



These solutions S(u u u 2 ,u 3 )f e c f = S Korcpa («i, u 2 , u 3 )f e c f + S Homo («i, w 2 , u 3 )^ satisfy tetra- 
hedral Zamolodchikov algebras, but not satisfy tetrahedron equations if some arbitrary 
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parameres in h 1 ^ 1 and/or h°f^ become non-zero, that is, tetrahedron equations are satisfied 
only the case S Horao = 0. 

§4. Summary 

We have examined solutions for tetrahedron equations from the elliptic free fermion 
model by using Korepanov mechanism. Though it is quite non-trivial, we obtained the 
same solutions of tetrahedron eqs. by using Korepanov mechanism even though we start 
from the elliptic case instead of the trigonometric one in the free fermion model. Thus we 
cannot find new solutions of tetrahedron eqs. from the elliptic free fermion model by using 
Korepanov mechanism, our results will be helpful to understand the Korepanov's method 
and to find new solutions by using Korepanov mechanism. As a byproduct, we have found a 
new integrable 2-dim. lattice model, where transfer matrices are composed of R 1 in Eqs.(0). 

We give examples which satisfy tetrahedral Zamolodchikov algebras but not satisfy tetra- 
hedron equations by solving tetrahedral Zamolodchikov algebras in trigonometric symmetric 
free fermion case. 
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